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Abstract.
In this paper, the concepts of interval-valued intuitionistic fuzzy ideal on semi-rings are
introduced and investigated some of their properties.
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1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [15], several researches were worked on
the generalizations of the notion of fuzzy sets. Interval-valued fuzzy sets provides with a more flexible
mathematical framework to deal effectively with imperfect and imprecise information. Atanassov [2,4]
introduced the concept of intuitionistic fuzzy sets and the interval-valued intuitionistic fuzzy, as a
generation of the notion of fuzzy sets. Interval-valued intuitionistic fuzzy subgroups are discussed [1].
Fuzzy sets and intuitionistic fuzzy sets are widely used in various algebraic systems and other other fields
[5, 10,12, 13, 14].

A. Rosenfeld [11] is the father of fuzzy abstract algebra. He first studied the notion of fuzzy
subgroup in 1971. After that in 1979, N. Kuroki [9] introduced the concept of fuzzy semi group. In 1993,
J. Ahsan, K. Saifullah and M. Farid Khan [3] introduced the notion of fuzzy semiring. In 1994, T.K. Dutta
and B.K. Biswas [6] characterized fuzzy prime ideals of a semiring. K.H. Kim and J. G. Lee [7] studied the
intuitionistic fuzzification of the concept of several ideals in a semi groups and investigate some
properties of such ideals. K. H. Kim [8] introduced the notion of intuitionistic Q -fuzzy semi primality in a
semigroup and investigate some properties of intuitionistic Q-fuzzification of the concept of several
ideals. In this paper, the concepts of interval-valued intuitionistic fuzzy ideal on semi-rings are
introduced and investigated some of their properties.
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2. PRELIMINARIES

Definition 2.1. A non-empty set S together with two binary operation + and . is said to be a semiring. if
i) (S, +)is a commutative semigroup,

i) (S,.)isasemigroup,
iii) a(b + ¢) = ab + acand(a + b)c = ac + bcVa,b,c € S.

Let (S,+,.) be a semiring. If there exists an element Oy € S such that a4+ 0, =a =05+ a and
a.0;, = 0, = 05.a forall a € S; then Oy is called the zero element of S. If there exists an element 1, € S
suchthata.1l;, = a = 1;.a foralla € S, then 1;is called the identity element of S.

Note 2.1 A semiring may or may not have a zero and an identity element.

We say that a semiringS has a zero.if there exists an element 0 € S such that Ox = x0 = 0 and
0+ x =x+4+ 0 = xforallx € S.
Definition 2.2
An interval number on [0,1], denoted by 4, is defined as the closed subinterval of [0,1], where
d =[a",at]satisfying0 <a” <at <1.
For any two interval numbers @ = [a~,a*] and b = [b~,b*], we define:
i) d<bifandonlyifa™ <b~ anda* < b™.
ii) d=>hbifandonlyifa =b anda* = b*

iii) d<bifandonlyifa # b~ andd < b
Definition 2.3

Let X # ¢ be a set and A € X. Then the interval-valued intuitionistic characteristic function y, =
()ZMA (x), Xn, (x)) of A is an interval-valued intuitionistic fuzzy subset of X, defined as follows:

. 1 whenxeA . {ﬁ whenx € A
= qJ .. d =93~
XMy () {0 whenx & A and Any ) 1 whenxé¢ A

Definition 2.4

Let A = (My,N,) and B = (Mg, Ng) be two interval-valued intuitionistic fuzzy subsets of a non-empty
set X. Then A is said to be subset of B, denoted by A € B, if M,(x) < Mg(x) and N, (x) = Ny(x). (i.e)
My (x) < Mg (x); Mf(x) < ME(x); Ni(x)=Nj(x); Nf(x)=>Nf(x)forallx € X.

Definition 2.5
Let A = (M, N,) be an interval-valued intuitionistic fuzzy subsets of a non-empty set X and [, 8] €
D[0,1]. Then the level subset of A = (M,, N,), denoted by L_I(IVIA, Ny, [a,ﬁ]) is defined as:

H(MA'N\A' [aUB]) = { (X'J’) : MA(x) 2 [alﬁ]r IVA(x) < [a,ﬁ]}
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Proposition 2.1
If [aq, B1] and [@3, B,] be two interval-valued intuitionistic fuzzy number such that [aq, B1] > [a3, B2],
then U(M, N, [y, 51]) € U(M, N, [y, B>]).

Proof:
Let [aq, B1] and [, B2] be two interval numbers such that [aq, B1] > [, B2]-
Then [ay, B1] = [az, B2] and [aq, 1] # [az, B2]-
Foranyx € U(M, N, [ay, 51]) = M(x) = [ay, B1] and N(x) < [ay, 5]
Then M(x) = [ay, B1] > [z, B2] and N(x) < [z, B;] < [ay, Bi]
Therefore, M(x) > [ay, B2] and N(x) < [a3, 2]
X EUS[VZ,N, [az,ﬁz]) o
Thus U(M, N, [y, 81]) € U(M, N, [z, B,])

Definition 2.6

The interval Min —norm is a function Min':D[0,1] - D[0,1] - D[0,1] defined by Mini(a,b) =
[min(a=,b~), min(at,b*)] forall @b € D[0,1], where @ = [a~,a*]and b = [b~,b™].

Definition

The interval Max — norm is a function Max‘:D[0,1] - D[0,1] - D[0,1] defined by Maxi(&, B)
[max(a~,b~), max(a*,b™)] foralla,b € D[0,1], where @ = [a~,a*]and b = [b~,b*].

3 INTERVAL-VALUED INTUITIONISTIC FUZZY IDEAL OF A SEMIRNG

Definition 3.1
A non-empty interval-valued intuitionistic fuzzy subset A of a semiring S is said to be interval-valued
intuitionistic fuzzy ideal of S if

1. My(x +y) = min'{M,(x), Ms(y)}

2. Ny(x +y) < max'{Ny(x), Na(»)}

3. My(xy) = max'{M,(x), My ()}

4. Ny(xy) < min'{Ny(x),Ns(y)} forallx,y €S.

Example 3.1
Let Ny be a semiring of non-negative integers with respect to usual addition and multiplication. Let A be
an interval-valued intuitionistic subset of N, defined by

[1,1], ifx=0
My(x) = f(x) =<1[0.5,0.6], if x is non — zero even
[0.3,0.4], if xisodd

[00], ifx=0
Ny(x) = f(x) =4[0.3,0.4], if x is non — zero even
[0.5,0.6], if xisodd
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Then A is an intuitionistic fuzzy ideal of Ng

Remark 3.1 Let A be an interval-valued intuitionistic fuzzy ideal of a semiring S. Then M; (0O5) >
My (x); Mf(05) = Mj (x)and Ny (05) < Ny (x); Njf(0g) < Nif(x)forallx € S.

Theorem 3.1

Let S be a semiring and A be a subset of S. Then A is an ideal of S if and only if A is an interval-valued
intuitionistic fuzzy ideal of S.

Proof. Let A be an ideal of S. Then O € A. So M, (05) = [1,1]; N, (0s) = [0,0] and hence y, is non-
empty. Now suppose that x, y € S.

Case: 1

Let Max! (MXA ), M, (y)) = [0,0] and Min! (NXA (), Ny, (y)) = [1,1].
Then M,,, (x) = [0,0] and M,,, (y) = [0,0], N,,, (x) = [1,1] and N, (¥) = [L,1].
So M,,, (xy) = [0,0] = Max (MXA (), M, (y)) and N, (xy) < [1,1] = Min (NXA (), N, , (y))

Case: 2

Let Max' (M, (x), My, () = [1,1] and Min' (N, (), Ny, (7)) = [0,0].

Then M, , (x) = [1,1] and M, (y) = [1,1], N,,, (x) = [0,0] and N,,, (¥) = [0,0].

This implies that x € Aory € A.

Then xy € A. since A is an ideal of S. This shows that M, (xy) = [1,1] = Max! (MXA ), M, , (y)) and

Ny, () = [0,0] = Min' (N, (), Ny, 0))- Now  Max' (M, (), My, () = [1,1] =
Min' (M, (), My, () = [0,0] or [1,1]. Min! (N, (), N, ) = [0,0] =
Max' (N, (x), Ny, ) = [1,1].
Min' (M“ ), M, (y)) =[0,0] = M, (x +y) = Min! (MXA O, M,, (y)) and
Max' (N, (x),N,, (y)) =[11] = N,,(x +y) £ Max’ (NXA (), Ny, (y))
Max' (M, (x), My, () = [1,1], Min' (N, (), Ny, (3)) = [0,0] = My, () = [1L1] and M, () =
[1,1]; Ny, (x) =[0,0], N, , () = [0,0]

>x€Aandy€EA=>x+yE€EA
Since A is an ideal of S = MXA(x +v) =1 = Min' (MXA(x),MXA(y)) and ﬁXA(x +y)=1=
Max! (N)(A (x), Ny, (y)). Consequently ®,4 is an interval-valued intuitionistic fuzzy ideal on S.
Conversely, let 7, be an interval-valued intuitionistic fuzzy ideal on S. Then {4 is non-empty. So
MXA (x) # 0 for some s € S. This implies that 1\71“ (s)=1and N)(A (s) = 0 for some s € S. Hence 4 is
non-empty.
Let x,y € A. Then 1\71“ x)=1= 1\71“ (y),]VXA (x)=0= N)(A (y). Now since y4(x) is an interval-valued
intuitionistic fuzzy ideal of S, we have
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M, ,(x +y) = min'{M,, (x),M,, ()} =min'{1,1} =1and N,, (x + y) < max'{N,, (x),N,, ()} =
maxi{ﬁ,ﬁ} =0. SOMXA(x+y) > i;]VXA(x+y) < ﬁ.AIsoMXA(x+y) <71and IVXA(x+y) > 0 since
M, (s)<1; N, (s) =0foralls €S.

Thus M, (x +¥) = Tand N, (x + y) = 0. So we find that.r+ y € 4 Now, let € 4and s; € 5. Then
M, (@) =1,/ (@) = 0. Now since z) is an interval-valued intuitionistic fuzzy ideal of .5 we have

M, [s10) = max’ (%A(a), 2@(51)) =1and W, (s:0) < min’(W, @), V, [51)) =0.S0 M (510 = 1
and 2, (s5;2) < 0.

Thus we find that 24 (s;@) = 1and 2, (5;4) = 0. Consequently ;2 € A Similarly, we can show that
as; € A Hence Ais an ideal of .5,

Theorem 3.2
A non-empty interval-valued intuitionistic fuzzy subset 4of a semiring .S'is an interval-valued
intuitionistic fuzzy ideal of Sif and only if (¥, N, , [« A]) are ideals of Sfor all [z A € /A

Proof: First suppose that AZis an interval-valued intuitionistic fuzzy ideal of S. Let [@ 4] be an arbitrary
element in /7724 Now consider the level subset U4 N, [a A). Since [& A € /4 we have M(s,) =
[ A for some s, € 5. This implies that s, € UM N, (@ A). So, UM, N, (@ A) is non-empty. Now take
5 V€ UM N, 2 A4). Then we have M) = [a A and N(D) < [a A; M) = (@ A and V() < [z A.
Since Ais an interval-valued intuitionistic fuzzy ideal on .5, we have 2(x+ ) = min'{¥(2), M(»)} =
[@ 4. So, we get x+ v € UM N[ ). Again let a€ UM N; (@A) and s; € S Then 24> [a 4] and
M, <[@ph. Since A4 is an interval-valued intuitionistic fuzzy ideal of 5 we have
M(s1@) = Ma' (M{s1), M(@)) = [ A. This implies that s;a € UM N [a A). Similarly, we can show
that as; € UM Ny (& A). Thus UM N (@A) is an ideal of S Since [@ 4] is arbitrary, it follows
UMy N, (@A) is an ideal of Sfor all [@ 4 € /mA

Conversely, suppose that UMV, [z ) are ideal of S for all /mA Let x, y€ .5 and let M(x) =
@, 4] MAD) =[1-a,1-4] and M) = @, 5 M) =[1— a,1— ], This shows that
XE UMV, [y, ]) and v E UM Ny | a, 4]). Without loss of generality, we consider [, 4] >
[@, £4]. Then by theorem ??, we have UM N, [, £]) S UMN|[a, £4]). So we find that x4 v €
UMy Ny (a5, £]). Now since UM, Ny (@A) are ideals of Sfor all [@ 4 € /md UM, N, [ @, 4]) is an
ideal of S Thus x, ¥ € UM, N, [ @, %]) implies that x+ y€ UM N, [, 4]). Therefore Mx+ ») =
(@, 5] = Mird {[ @, 53], [, 5]} = Mird (ML), MAD)} and
Nix+ P < @, B = Ma'{[a, B, (@, 3]} = Mad {V{0), V{)}. Now let s,£€.S be such that
M) = [a, ). Then ¢ € UM N, @, 4)). Therefore st € UMy N, [, A, since UM Ny |, A]) is
an ideal of 5 So M(st) = [as, ) = M(£) and Nfst) < [a, 4] = V[£). Similarly, if we take
M(s) = (a5, 4], we can prove that M(st) = M(s); Nfst) < N{s). Consequently, M(st) =
Ma"{ﬂﬁ(@,ﬂﬁ(z‘)}. Hence Ais an interval-valued intuitionistic fuzzy ideal of .S:
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Definition 3.2
If 4be an interval-valued intuitionistic fuzzy ideal of 5 then the ideals A4 ¥, [@ A) of S, where
(@ Al € /mAare called the level ideals of 4

Theorem 3.2
Let S'be a semiring and A be an interval-valued intuitionistic fuzzy ideal on .. Then for any 1 ¥ € .}
M(D) = M(»); VL») < N{») whenever r €< 3>, the principal ideal generated by .
Proof: Since S'is a semiring with identity, we find that
<y>={F,rys; 7,5, € Sandne N Now xr€< y> implies that xr=Y7_;7,ys, for some
7,5, € Sand 7€ N Then M(x) = MY7—; 7, ¥5,)
= M(r1ys1+ 1opsy + o+ 1005,)

= M(?&)’Sl + 7Yyt T V1) + TS

> Mit {Mriys; + 105, + o+ 7 1 VS 1), M7, 5,)} (Since A is an
interval-valued intuitionistic fuzzy ideal of S:

> Mird {Mriysy + roysy + -+ 71 VS 1), Mad (M(7), ML5,))} (Since 4
is an interval-valued intuitionistic fuzzy ideal of .5.

> Mid {M(r1ys1 + 72055 + -+ T 1 V1), Mad (M (M7, M), MAs,))}

> Mit {M(r1ys1+ 72055 + -+ T 1 VSn1), M)}

> ).
Thus we get that 24(1) = ().

71,/4(’1/) = 71,/4(2 rl'ySl'>

/=1
= Nfriysy + ropsy + o+ ryps,)
= NAroysy + 7208y + o+ P V1) + 70¥55)
> Ma {Nfr,ys; + rops; + o+ 71 V1), N7s,)} (Since A4 is an
interval-valued intuitionistic fuzzy ideal of .S:
< Mat{Nfr1ys, + 72053 + =+ + 71 VSp1), Mirt (N 7,0), Nfs))} (Since 4
is an interval-valued intuitionistic fuzzy ideal of .5

< MRt royss + 7235, + o+ 135, 2), oA (M OV, W), W5.0)

< Mat{N{r1yss + 7953 + -+ 71 VS n1), VAW)}
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< ().
Thus we get that /(1) < ().

Theorem 3.4
Let / be an ideal of a semiring Sand [& 4] < [y, d] # 0 be any two interval valued intuitionistic fuzzy
numbers on [0,1]. Then the interval-valued intuitionistic fuzzy subset 4of S'defined by
N (o whenxe /s - ([1=p1-06] wowenxe/
M0 = {[ag A otlerwise YD) = {[1 —al— A otherwise
intuitionistic fuzzy ideal of .S:
Proof: Since / is an ideal of .5, we have 0¢ € /. Then 240,) = [y, d] £ 0and N[{0,) = [1— ;1 —d] #
0. So (%) is non-empty.
Now let .x; ¥y € 5.
Case: 1
Let Ma' (M, M) = (@A and #/ (MDD, NN =[1-a1-A.
Then (1) = [gfand V(D) =[1—al1—A.
M) = afl = M) = g/ = Ma' (M0, M(») and
N =1-a1-A= M) <[[1-a1-Aand Yx+ ) 2 [af] = Mirt (M(2), M(»)) and
Nx+ ) <1 - a1- 4 = Ma M2, M)

is an interval-valued

Case: i

Let Ma' (M 2), M) = [y, 8 and M’ (NLD, N(») = [1— .1 — 4]

Then M) = [, d; VD) = [1— 1= or M) = [ O, M) = [1 - 31— J];

= x€ /or y€ /= xy€ /(sincelis anideal of S)

— W) = 11 A = Ml (WD, M) and V) = [1 - 14 Mt (WD, W)

Now, Ma! (M), M) = 11, &) = Mird (M0, M) = [@ A or [1; J]

Mird (ML, Vf0) = [1—y1— 8 = Ma'' (VD), N») =[1—a1—Aor[1—y1-J]

ik (D, M) =, A = M+ ) = a4 = Mt (M0, 4(5)) and

Ma (VLD N(D)=1—al-A=Nx+»<[1-al1-[=Ma(ND, V(D)

Mirt (M2, M) = 1l = M) = [y, and M(») = [, ] = x€ /and y€ / = x+ y€ /
Ma (VD ND)=1—p1-=ND=[1—-p1-dand W) =[1—-p1-J = re /and
yv€ /= x+ y€ / (sincelisan ideal of SJ.

= W+ ) = [0 = Mt QD M) and Wi+ ) = [1= 11— A = Ml D, W)
Mxy) = Ma' (M(D), M) and M) < Mird (ND, VLD))

Consequently, 24is an interval-valued fuzzy ideal of .5

Theorem 3.5
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Let 4be an interval-valued intuitionistic fuzzy ideal of a semiring 5. Then the set 4, = (%4, ;) where
M={x€ SMx)=M0,)}and X = {r€ S NV ) = N[0,)}is an ideal of .5

Proof:

Since 0, € 4 is non-empty. Let 1, ¥ € 4. Then A1) = 4(0,) = A »). Now since Ais an interval-valued
intuitionistic fuzzy ideal of .5; we have M(x+ ») = Mird (M(2), M(»)) = M(0,) and V{x+ ) <

Ma! (NLx), VL)) = NA0,). Also by remark 1, we have 24(0,) = M(x+ 3); VL05) = Nfxr+ ). Thus
Mx+ ) = M(0,); Nfx+3) = Nf0,).50 x+ y € %,

Let s € Sand £ € 4. Then 24(£) = M[0y); VL&) = NLO,).

Now since Ais an interval-valued intuitionistic fuzzy ideal of .5 we have

M(st) = Ma' (M), M(2)) = Ma' (M(s), M0,)) = M(0y) and

Wise) < it (W), W) = i (W), DHO,)) = W0)

Also, since M(0,) = M{st); VL0,) < N{st), we have

Mst) = MLO,); Vfst) = NV0,). Thus s¢ € 4. Similarly, we can show that Zs € 4.

Hence 4 is an ideal of .5
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